In Duan, Gauthier and Simonato (1999) , an analytical approximate formula for European options in the GARCH framework was developed. The formula is however restricted to the nonlinear asymmetric GARCH model. This paper extends the same approach to two other important GARCH specifications -GJR-GARCH and EGARCH. We provide the corresponding formulas and study their numerical performance.
Introduction
During the past decade, researchers have begun to study generalized autoregressive conditional heteroskedasticitic (GARCH) models for option pricing due to the superior ability of this class of models to describe asset return dynamics. Duan (1995) developed a theory with respect to which options can be priced when the evolution of the asset return follows the GARCH process. Empirically, Duan (1996) , Heston and Nandi (2000) , Hsieh and Ritchken (2000) , Hardle and Hafner (2000) , Duan and Zhang (2001) and Christoffersen and Jacobs (2002) have showed that the GARCH model can be used to capture the pricing behavior of exchange-traded European options. Analytically pricing European options requires the knowledge of the risk-neutral distribution of the cumulative return with respect to a given model. However, the analytical form of the distribution for the time-aggregated return (ie., cumulative return) is unknown for all GARCH specifications, and thus computing option prices must rely on on some time-consuming numerical procedures.
In recent years, researchers have tried to speed up the valuation of European options under GARCH by developing analytical solutions and analytical approximations for specific forms of the GARCH model. Heston and Nandi (2000) developed an analytical formula to price European options when the dynamic of the conditional variance is given by a specific GARCH process. 1 In contrast, Duan, Gauthier and Simonato (1999) (DGS hereafter) developed an analytical approximation to the European option price under GARCH. Their approach utilizes the idea of Jarrow and Rudd (1982) to find an approximate option price under general stochastic processes.
Specifically, DGS (1999) used an Edgeworth expansion to obtain an approximate pricing formula for the nonlinear asymmetric GARCH specification of Engle and Ng (1993) (NGARCH) . The NGARCH option pricing model is the option pricing model corresponding to the linear GARCH specification of Bollerslev (1986) and/or the NGARCH of Engle and Ng (1993) . The resulting approximation formula is similar to a Black-Scholes formula but being adjusted for skewness and kurtosis of the cumulative return under GARCH. The DGS (1999) approximation performs well numerically, especially for shorter-term options. In contrast to the approach of Heston and Nandi (2000) , it is not limited to a specific form of GARCH. Indeed, comparable analytical approximation formulas can be obtained for other GARCH specifications, but such modifications are not trivial extensions.
In this paper, we derive various components needed for applying the DGS (1999) approach to the GARCH specification of Glosten, Jagannathan and Runkle (1993) (GJR-GARCH) and to the exponential GARCH specification of Nelson (1991) (EGARCH) . The choice of these two models is justified by the fact that these two specifications and the NGARCH model all exhibit the leverage effect, an important feature of stock return data. In contrast to NGARCH, these two specifications incorporate the leverage effect not by shifting the minimum of the new impact curve away from zero. Instead, they alter the shape of the new impact curve. These different specifications have been shown in different empirical studies to better describe asset returns and may thus be useful in explaining option prices. Our development of the analytical approximation formulas corresponding to the GJR-GARCH and EGARCH option pricing models can thus facilitate future empirical research using these two models as well as provide a practical tool for potential on-line applications of these models.
The remainder of this paper is organized as follows. In section 2, we show how the analytical approximation can be modified specifically for the GJR-GARCH and EGARCH option pricing models. We then examin in section 3 the numerical performance of these analytical approximations.
Finally, section 4 concludes.
The analytical approximation

General valuation framework
We start by assuming that the asset return dynamic, under the physical measure P , is ln
where
and
for the GJR-GARCH process or
for the EGARCH process.
Note that r is the one-period continuously compounded risk-free rate, λ is a constant unit risk premium, h t+1 is the conditional variance of the asset return, and {ε t : t = 0, 1, 2, · · · } forms a sequence of independent standard normal random variables with respect to the measure P .
The GJR-GARCH specification imposes the typical parameter restrictions:
0, β 3 ≥ 0 to ensure that the conditional variance stay positive whereas the EGARCH model does not require such parameter restrictions because the conditional variance is guaranteed positive by the exponential operation. The parameter β 3 (or γ) determines how GJR-GARCH (EGARCH)
incorporates the leverage effect. It is also important to note that the conditional variance is a predictable process under both specifications because h t is expressed only in terms of variables that are known at time t − 1.
Duan (1995) shows that under the locally risk-neutralized probability measure Q, the asset return dynamic becomes
for GJR-GARCH process or
The random innovation term t = ε t + λ is a standard normal random variable with respect to measure Q. For the GJR-GARCH model, there is variance stationarity if β 1 +(β 2 + β 3 N (λ)) 1 + λ 2 + β 3 λn (λ) < 1, where N (·) and n(·) stand for the standard normal distribution and density functions, respectively. In the case of EGARCH, the condition, β 1 < 1 ensures that the conditional variance does not explode with time. Note that the stationarity conditions are fundamentally different under two models. For GJR-GARCH, the stationarity condition under measure Q differs from that under P , which is known to be β 1 + β 2 + β 3 /2 < 1, and the difference arises from the risk premium parameter λ. For EGARCH, the stationarity condition remains change moving from measure P to Q. This dichotomy is driven by different natures of the volatility shock in two models. According to Duan (1997) , the volatility shock entering into the time series dynamic in the case of EGARCH is additive whereas the volatility shock for GJR-GARCH is multiplicative.
Analytical approximation
Following the approach of Jarrow and Rudd (1982) and DGS (1999), we use the Edgeworth expansion to derive the two approximate pricing formulas. As stated in DGS (1999), the price of a European call with strike price K and a maturity T can be approximated by:
and A 3 and A 4 are defined, respectively, as
with ρ T = ln (S T /S 0 ) being the continuously cumulative asset return, µ ρ T and σ ρ T are the mean and standard deviation of ρ T under the locally risk-neutralized measure Q, and κ 3 and κ 4 are the skewness and kurtosis coefficients of the standardized cumulative asset return, under the measure Q.
Again, the functions n(·) and N (·) represent, respectively, the density and cumulative distribution functions of a standard normal random variable. Under the assumptions of the Black-Scholes model, the mean of the cumulative asset return is rT − σ 2 ρ T /2, which implies that δ = 0. Hence, we notice from equation (9), we notice that the analytical approximation is similar to the Black-Scholes price, adjusted for the skewness and kurtosis of the cumulative asset return.
The analytical approximation formula requires expressions for the first four moments of the cumulative return for any arbitrary maturity T ; that is,
Because S T is a function of all conditional variances from period 1 to T , expressions for these moments are naturally specific to a given GARCH model. Deriving these moments for GJR-GARCH and EGARCH is exactly where the contribution of this paper lies.
Moments of the cumulative asset return
DGS (1999) provide some general moment formulas in their Appendix C. Those formulas, however, require inputs that are specific to a GARCH specification. In order to compute the first four moments of the cumulative asset return under GJR-GARCH and EGARCH, we follow the approach suggested in section 6 of DGS (1999).
For GJR-GARCH, we need to compute µ 1 , µ 2 , µ 3, ν 1 , ν 2 , ν 3 , ζ 1 , ζ 2 , and ξ 1 defined below:
Appendix A provides the specific formulas for these quantities. 2 Assuming that µ 1 = 1, µ 2 = 1 and µ 3 = 1, we can plug these quantities into the expressions given in Appendix C of DGS (1999) to evaluate the first four moments. We note that the terms involving non-integer moments of h t are approximated by a Taylor series expansion around E a to reduce computation time because the exact formula for h a t involves lengthy recursive operations. The specific details for this Taylor series expansion are given in Appendix D. To further improve computation speed, we approximate the triple sums in the third and fourth moments by making the index of the third sum equal to a single value. More specifically, we fix the index value of the third sum at its middle value, rounded to the nearest integer. Finally, as in the case of GJR-GARCH, we have dropped the terms S Q1 , S Q3 , S Q4 (except terms 8 and 12 of S Q4 ) and S Q5 (except terms 2, 3, 6, 7 and 8 of S Q5 ).
Because the first four moments of the cumulative return are sometimes approximated, we need to first ascertain the approximation quality before plugging them into the approximate option pricing formula in equation (9) . We of course need to examine the performance of the approximate option pricing formula as well.
Numerical performance
In this section, we assess the numerical performance of the analytical approximations developed for the GJR-GARCH and EGARCH option pricing models. The numerical analysis is conducted with the realistic parameter values obtained from a time-series return estimation. We analyze the quality of the analytic moments and option pricing formulas for both models. Finally, we assess the quality of approximation by a simulation study performed on a test tool of options.
For both GARCH specifications, parameter values are obtained from a maximum likelihood time series estimation using S&P 500 daily index returns in excess of the risk-free rate from January 2, 1991 to May 15, 1998 . In each panel of the subsequent tables, the first set of numbers always corresponds to setting the initial conditional variance, h 1 , to the stationary variance under measure Q, ie. h * , a quantity given in Appendix C. The second and third sets, on the other hand, correspond to h 1 being fixed at 20% above and below the stationary level. Finally, the analytical values are, unless otherwise specified, compared to Monte-Carlo estimates using 500,000 sample paths.
Whenever necessary, we assume a risk-free interest rate of 5% per annum and an initial asset price of $50. Finally, the numbers are presented for four different maturities: 10, 30, 90 and 270 days. Tables 1 to 4 present the results using the historical parameter estimates {β 0 = 9.61e − 7, β 1 = 0.93, β 2 = 0.024, β 3 = 0.059 and λ = 0.065}. This parameter values imply a volatility persistence of 0.9835 (ie. β 1 + β 2 + β 3 /2) under measure P , a very high level that is consistent with typical empirical findings. With respect to measure Q, the volatility persistence is increased to 0.9868 (ie. Table 2 examines the mean and variance the cumulative return. These quantities are defined
GJR-GARCH
T , where µ ρ T and σ 2 ρ T are the mean and variance of the cumulative asset return under the locally risk-neutralized measure Q, and T is the number of days underlying the cumulative return. While the analytical mean is an exact quantity, the analytical variance is an approximate value because some of the terms in the second moment expression are approximated via a Taylor expansion. This, however, does not seem to affect the quality of approximation for both quantities are close to the Monte-Carlo counterparts, even for maturities as long as 270 days. Table 3 examines the skewness and kurtosis of the standardized cumulative return. Even though the third and fourth moments are not exact quantities, the results show that the analytical values match closely with those obtained through Monte-Carlo simulation. The approximation, however, seems to deteriorate as the maturity becomes longer. The values for skewness and kurtosis clearly indicate a departure from the usual normality assumption for cumulative asset returns. For instance, the cumulative return exhibits a negative skewness, a manifestation of the leverage effect in the volatility dynamic under measure Q. Due to the central limit theorem, we expect a "reversion to normality" for the standardized cumulative return as the maturity increases. The expected reversion to normality kicks in slowly. For maturities as long as 270 days, the standardized cumulative return has still not reached normality. Not surprisingly, this slow reversion to normality simply reflects the high level of volatility persistence. Table 4 compares the prices obtained for European calls using our analytical approximation and the prices obtained by Monte-Carlo simulation. For each maturity, we consider three moneyness ratios (1.1, 1.0 and 0.9), defined as strike-to-asset-price ratios. For maturities of 30 days, the pricing errors exceed one cent only once. For longer maturities, however, the pricing error increases significantly and it can go up to nearly 10 cents for a maturity of 270 days. These differences are, nonetheless, reasonable when we consider them relative to the level of the option price.
The numerical performance of the GJR-GARCH model in option pricing is consistent with the conclusion of DGS (1999) in that the quality of analytical approximation decreases as the maturity increases, particularly when there is a high level of volatility persistence. Tables 5 to 8 present results using the historical parameter estimates: β 0 = −0.3057, β 1 = 0.98, β 4 = 0.1223, λ = 0.0586 and γ = −0.5057. Table 5 examines the mean and variance of the cumulative asset return, where the analytical mean is an exact quantity but the analytical variance is an approximate value. Again, the approximate nature is due to the use of a Taylor series expansion. Nonetheless, the analytical values for both mean and variance are close to the Monte-Carlo counterparts for a maturity as long as 270 days. Table 6 is used to examine the quality of approximation for skewness and kurtosis of the standardized cumulative return. The results indicate that the third and fourth analytical moments match closely with Monte Carlo values. The quality of approximation for the fourth moment again seems to decrease as the maturity becomes longer. The skewness and kurtosis values reveal a departure from the usual normality assumption for the cumulative asset return. Negative skewness is again due to the leverage effect of the EGARCH model. Similar to GJR-GARCH, reversion to normality for the standardized cumulative return is again evident. present.
EGARCH
The analytical prices and their Monte Carlo counterparts for European calls are presented in Table 7 . For each maturity, we consider three moneyness ratios. For maturities not exceeding 90 days, the pricing error is very small and does not exceed two cents. For a maturity of 270 days, the difference becomes larger but does not exceed five cents.
Recall that we are able to obtain an exact expression for the value of h a t under EGARCH, where a is any real number. It is not advisable to employ the exact expression because it takes a great amount of computing resouces. It is, nonetheless, a useful tool for use to gauge the quality of the moment approximations. Table 8 compares the prices of options with and without approximating the two moments. It should be noted that we continue to drop the terms S Q1 , S Q3 , S Q4 (except terms 8 and 12 of S Q4 ) and S Q5 (except terms 2, 3, 6, 7 and 8 of S Q5 ) in computing the option prices. For options with maturities of no more than 90 days, there is no significant difference between the two prices. When the maturity reaches 270 days, however, the difference can go as high as 1.47 cents, suggesting that the quality of these moment approximations decreases slightly as maturity becomes longer. Also note that there seems to be a smaller difference between the two prices for deep in-the money options and a bigger difference for at-the-money options.
Simulation study
The numerical analysis thus far suggests that our analytical approximation works well for both the GJR-GARCH and EGARCH option pricing models, particularly for shorter-maturity options.
This conclusion is obviously limited to the parameter values used. We now proceed to conduct a simulation study performed on a test pool of options to ascertain the general performance of the analytical approximation. To our knowledge, such kind of study was first conducted in Broadie and Detemple (1996).
Our test pool consists of 1000 options. Each option corresponds to a set of parameter values randomly selected from some predetermined distributions and being independently from one another. For both the GJR-GARCH and EGARCH models, we assume S 0 = 100. Other parameters are chosen from the following distributions: T is uniformly distributed between 0.1 and 1.0 year with a probability of 0.75, and uniformly between 1.0 and 3.0 years with a probability of 0.25; K is uniformly distributed between 70 and 130; r is uniformly distributed between 0 and 0.1 with a probability of 0.8, and equal to 0 with probability 0.2.
The GJR-GARCH parameter values are drawn from the following distributions: β 0 is uniformly distributed between 0 and 10 −4 ; β 1 is uniformly distributed between 0 and 1; β 2 is uniformly distributed between 0 and 1; β 3 is uniformly distributed between 0 and 1; λ is uniformly distributed between 0 and 1. It is important to note that parameter sets violating the condition: µ 1 < 1, µ 2 < 1, and µ 3 < 1 are discarded. This condition is to prevent cases with an explosive GARCH system The analytical approximate option price and its corresponding Monte Carlo value are computed and compared. In order to assess the overall quality of the analytical approximation, we measure the aggregate pricing error by computing, for each of the two GARCH models, the root mean square error (rmse), defined as:
where e i = |C i (a) − C i |/C i is the i th relative pricing error, C i is the i th Monte Carlo price using 200, 000 sample paths, C i (a) is the i th analytical price and m is the number of option prices. In our actual sampling procedure, the options with a Monte Carlo price below 0.50 are discarded to avoid a large pricing error due to a small divisor. We perform the sampling procedure until obtaining a test pool of 1000 options.
For GJR-GARCH, the overall rmse is 0.0109, indicating that the analytical approximation works quite well. If we separates short-maturity (i.e. T 150 days) and long-maturity (i.e. T > 150 days) options, the rmse measures become 0.0065 and 0.0118, respectively. This suggests that the analytical approximation is more accurate in the pricing of shorter-maturity options. Also, if we separate options with a low unit risk premium (i.e. λ ≤ 0.30) and options with a high risk premium (i.e. λ > 0.30), we obtain the rmse measures of 0.0082 and 0.0130, respectively. We thus note that the approximation quality for the GJR-GARCH option pricing model is somewhat sensitive to the size of the unit risk premium λ, a result that is hardly surprising because the unit risk premium parameter increases the level of the stationary variance under measure Q. Finally, less than 1% of the relative pricing errors exceed 5% in the case of the GJR-GARCH option pricing model.
For EGARCH, the overall rmse is 0.0219, suggesting that the analytical approximation is less accurate than that for GJR-GARCH, even though its overall performance is still quite satisfactory.
If we separate short-maturity and long-maturity options, the rmse measures become 0.0129 and 0.0238, respectively. This suggests that the analytical approximation is more accurate in pricing shorter-maturity options. In addition, if we separate options using the unit risk premium, the rmse measures are 0.0091 and 0.0257, respectively. The approximation quality of the EGARCH option pricing model is also sensitive to the magnitude of the unit risk-premium λ. Approximately less than 6% of the relative pricing errors exceed 5%.
In summary, the results of the performance analysis on a test pool of 1000 options indicate that our analytical approximations are adequate for the purpose of pricing options under GJR-GARCH and EGARCH, particularly for short-maturity options.
Conclusion
Following the approach developed by DGS (1999), we derive analytical approximations for European option pricing under GJR-GARCH and EGARCH. The analytical approximations target at the skewness and kurtosis of the cumulative asset return under these two GARCH option pricing models.
The resulting analytical pricing formula is the Black-Scholes formula with adjustments made for skewness and kurtosis. Consistent with DGS (1999), our results suggest that the approximations are adequate, particularly for shorter-maturity options.
In the literature, empirical studies based on the GARCH option pricing model have been conducted using Monte Carlo as a means for computing the option price. The Monte Carlo method is typically computer intensive. For a large-scale empirical study, computing can be a serious concern.
Our analytical approximation formulas can be useful in this regard. Our results extend the existing set of approximation formulas for the GARCH family of models. Presumably, one can begin to analyze empirically the exchange-traded European options using several GARCH model without being constrained greatly by the computing consideration. Our approximation formulas can also be potentially useful if one chooses to apply the GARCH option pricing model to on-line applications for European option prices can be computed rather quickly with the approximation formula.
A Analytical expressions for GJR-GARCH
A.1 Some intermediate results
The table below lists the analytical formulas for expected values required to derive the analytical expressions for µ1, µ2, µ3,ν1, ν2, ν3, ζ1, ζ2, and ξ1:
d . These formula have been obtained using the following relations:
A.2 Analytical formulas for µ 1 , µ 2 , µ 3, ν 1 , ν 2 , ν 3 , ζ 1 , ζ 2 , and ξ 1
The derivations for all formulas bellow where made using the results of the previous subsection.
A.2.1 Formulas for µ
B Analytical expressions for EGARCH
B.1 Some intermediate results
This subsection gives some intermediate results required to derive the analytical approximation for the EGARCH case. ∀n ∈ R and ∀i ∈ N, we have:
where erf 
where g = β
B.2.6 The value of E hih
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B.2.9
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where g = 2β
where g = β 
where g = β j−1 1
, A = gβ2 (γ − 1), B = gβ2 (γ + 1), and C = gβ0 C Computation of the stationary variance, h *
C.1 GJR-GARCH
We know that under the risk neutral measure Q, the conditional variance dynamic of the GJR-GARCH is
where t is as defined previously. This implies that
since ht is Ft−1-measurable and hence independent from the term β1+β2( t −λ) 2 +β3 max(0, − t +λ) 2 . E (·) represents the unconditional expectation under the measure Q. If we assume that the GJR-GARCH process is stationary, we have that
which implies that
where µ1 is as defined in equation (17) .
C.2 EGARCH
In equation (22), we give the expression for the expected value of ht conditional on the information available initially (i.e E Q 0 [ht] ). From this expression, we can find the stationary variance of the EGARCH process by letting t tend to infinity. For practical purposes, we set t = 500 to compute h * .
D Taylor series expansion for h a t
Using a Taylor series expansion for h a t evaluated at the point E [ht] a , we obtain The performance of the analytical approximation for the mean and variance of the cumulative return for GJR-GARCH β 0 = 9.61e − 7, β 1 = 0.93, β 2 = 0.024, β 3 = 0.059 and λ = 0.065 23 Table 3 : The performance of the analytical approximation for the skewness and kurtosis of the cumulative return for GJR-GARCH.
β 0 = 9.61e − 7, β 1 = 0.93, β 2 = 0.024, β 3 = 0.059 and λ = 0.065 Table 6 : The performance of the analytical approximation for the skewness and kurtosis of the cumulative return for EGARCH.
β 0 = −0.3057, β 1 = 0.98, β 2 = 0.1223, λ = 0.0586 and γ = −0.5057 Analytical is the analytical approximation obtained when we estimate h a t using a Taylor series expansion and approximate triple sums. Exact is the theoretical analytical approximation. Pricing error is the difference between the two estimates.
